Abstract: Using numerical and analytical tools, we compare different phase sensitive parametric schemes namely one pump and two pump schemes for silicon nano-waveguides. The conditions required to achieve phase sensitive gain are obtained, and it is shown that a real continuous wave phase sensitive parametric gain could be possible in the presence of two photon absorption.
Introduction
Phase sensitive amplifiers (PSA) based on highly nonlinear fibers (HNLFs) have received much interest due to the applications such as low noise amplification and phase regeneration [1] , [2] . HNLF-based PSAs have usually a length of few hundreds of meters due to the relatively low optical nonlinear coefficient (∼15 /W/km). In contrasts photonic integrated circuits (PIC) based on glasses or semiconductor material have a larger nonlinear coefficient. For example, due to the high light confinement in silicon nano-waveguides, the nonlinear coefficient in silicon nano-waveguides is larger than 200 /W/m [3] , which leads a much smaller footprint (few centimeters) for the same nonlinearity performance [3] . Recently, up to 20 dB of phase sensitive extinction ratio (ER) in silicon nano-waveguides has been reported [3] , [4] . One of the main limitations in silicon waveguides is the two photon absorption (TPA) in wavelengths around 1550 nm, which results in the accumulation of free carriers and consequently leads to free carrier absorption (FCA). In order to reduce the FCA, a reversed biased PIN junction can be embedded in silicon waveguides [5] which reduces the FCA significantly. However, the TPA is not reducible by this technique. Because of these nonlinear loss mechanisms in silicon, the four wave mixing (FWM) process in silicon and silica fibers perform differently.
The FWM process in silicon has been widely studied [5] - [9] . Phase sensitive amplifications in silicon waveguides has also been partly investigated before [4] , [10] , [11] . In [4] , silicon PSAs were used for signal regeneration. In [10] , phase sensitive amplification has been shown with photonic crystal waveguides. In [11] , the noise figure and gain of silicon PSAs have been numerically investigated. In order to achieve a better understanding on the phase sensitive FWM in the presence of TPA and FCA, we have accomplished a comprehensive theoretical study in this paper. We obtain closed form equations for the optimum pump power and detuning, as well as conditions required to achieve FWM phase sensitive gain in silicon, and show that unlike in fibers, the maximum phase sensitive ER and FWM gain are not necessarily achieved together. We compare the two pump and one pump PSA schemes (shown in Fig. 1 ) and show that unlike in fibers, there are serious differences between these schemes in terms of gain and ER. We also discuss that using a cascaded structure it would be possible to achieve a large parametric gain in silicon nano-waveguides.
Modeling
The continuous wave (cw) FWM effect in silicon waveguides can be modeled with the nonlinear Schrödinger equation (NLSE) as follows [9] :
where A , α lin , β 2 , t, λ, A eff , γ, β TPA , α FCA , and n FCI are the total optical field (including pumps, signal and idler), linear loss, group velocity dispersion parameter, time, optical wavelength, effective area, nonlinear coefficient, TPA coefficient, FCA loss, and free carrier index (FCI) change parameter, respectively, and we have [9] 
where N C , τ, P P , υ, σ FCA , and σ FCI are the free carriers density, free carrier life time, total pump power, optical frequency, FCA coefficient, and FCI-related empirical coefficient, respectively [9] . The NLSE can be simulated with the well known split step Fourier method (SSFM). Using SSFM we have investigated a two pump PSA scheme with a pump wavelength separation of 75 GHz which has already been investigated experimentally [4] . We have been able to achieve results similar to the previously reported experimental results [4] which are shown in Fig. 2 . This figure shows the difference between the output power and the input power versus the input signal phase for a waveguide with the length of 4 cm. Four pump power levels are considered and the values shown in the figure are before entering the waveguide (after subtracting the grating losses of ∼4.5 dB the actual pump power propagating in the waveguide is obtained). In These numerical values will be used in the rest of this paper for both single pump and two pump schemes except in Section 5, where we evaluate gain perspectives with an ideal waveguide.
The signal power is -15 dBm in the rest of the paper. Note that a carrier life time on the order of picoseconds is only achievable with reversed biased PIN junctions which will be used in the rest of the paper.
In Fig. 2 it is observed that the ER increases by increasing the pump power which is an expected effect due to a more intense FWM process at larger pump powers. However, by increasing the pump power the maximum level of the output power decreases which shows that the TPA and FCA losses increase more than the FWM gain at higher pump powers.
In Fig. 3 the output-input signal power difference is shown for different wavelength detuning values in a two pump scheme with a total pump power of 28 dBm before grating (grating loss = 4.5 dB). λ is defined according to Fig. 1 . In the two pump scheme, λ is the detuning of the pumps from the center of the two pump wavelengths and in the single pump scheme, λ is the detuning between the pump wavelength and the signal wavelength.
In a two pump scheme, for a specific normal dispersion, there is an optimum detuning which leads to the best phase matching condition and maximum ER [12 App. 5]. However, in Fig. 3 it is observed that the ER reduces as the detuning increases which shows that the optimum detuning level even is lower than 1 nm. At larger pump powers, a larger optimum detuning is expected [12 App. 5]. In Fig. 4 the output-input signal power difference is shown for a larger total pump power (31 dBm before grating). It is observed that a 2 nm detuning seems to be the optimum value in this case. However, applying a pump power of 31 dBm to a nano-waveguide may be difficult in practice.
Comparing Two Pump and One Pump Schemes
In Fig. 5 , we have compared a two pump scheme with a one pump scheme PSA for the same waveguide and the same total pump power (P P ), i.e. in the two pump scheme, the power of each pump is equal to the half of the pump power of the one pump scheme. It is observed that the output signal power is larger in case of one pump scheme while the ER is larger in the case of two pump scheme. The main reason is that the wavelength separations between pumps is low (∼1 nm) such that the walk-off between the pumps while propagation is small and the total pump power in the pump scheme can be approximated as P P (t) = P P 2 e jω 1 t + P P 2 e jω 2 t
where ω 1 and ω 2 are the angular frequencies of the two pumps. From (3), it is clear that P P (t) can be as large as 2P P at some time instants. Since the nonlinear response is almost instantaneous, this large pump peak power results in a large FWM and TPA. Therefore, for the same average pump power, the two pump scheme experiences more nonlinearity leading to a more TPA loss, as well as a larger ER caused by a more intense FWM. In Fig. 6 , the two pump and one pump schemes are compared with a larger pump power, and it is observed that the one pump scheme leads to a larger ER. Unlike one pump scheme, the ER does not improve in the case of two pump scheme as the pump power increases from 28 dBm to 31 dBm, which is due to the fact that for power levels above a certain threshold, the TPA induced pump depletion becomes so large that it reduces the FWM significantly. Apparently, this threshold is reached at lower average power levels for the two pump case due to the effect explained in (3). From Figs. 4 and 5, it is realized that one pump scheme holds an advantage in terms of gain which is explainable as follows: Considering the tradeoff between FWM and TPA, there is an optimum pump power leading to the maximum gain; however, according to (3), the overall pump power oscillates in a two pump scheme, resulting in deviation from the optimum power during propagation. Note that the problem mentioned with the two pump scheme and (3) can be eliminated if a waveguide with low dispersion is designed such that the pump wavelengths can be adjusted to be far away from each other (similar to the two pump PSAs based on HNLFs [1] ).
Gain Conditions in a One Pump Scheme
Considering a one pump scheme, here, we discuss the required conditions to achieve phase sensitive gain with silicon nano-waveguides. In addition to the NLSE, the FWM process can be also modeled via a set of differential equations [13] . Assuming that the pump power is much larger than the signal and idler powers such that the FWM pump depletion is negligible, after including the TPA and FCA losses, the signal, idler, and pump power evolution along the waveguide can be written as dP s dz = 2γP P P i P s sin(θ) − α lin P s − α FCA P s − 2 β TPA A eff P s P P dP i dz = 2γP P P s P i sin(θ) − α lin P i − α FCA P i − 2 β TPA A eff P i P P dP P dz
where P i , P s , P P , and θ are the idler power, signal power, pump power, and a parameter explaining the phase matching condition [13] . It should be noted that the effect of free carrier index change on the phase matching is not included in (4) because it is negligible compared to the effect of group velocity dispersion for large dispersion values and small wavelength detuning that are considered in the paper. This can be verified from the data which is available in [14] . The initial value of θ is determined by the relative phase of the pump, signal and idler, and for the maximum gain condition it should be equal to π/2. In order to achieve a positive gain, we should have dP s /dz > 0. Setting P s = P i in the above equation (one pump scheme in Fig. 1 ), after some straight forward algebra, we obtain the following condition:
where σ FCA is defined in (2), and n 2 is the nonlinear refractive index which is related to the nonlinear coefficient, denoted by γ, through
The right side of (5) can be written as follows:
where f (P P ) has a minimum with respect to P P . By solving the equation ∂f (P P )/∂P P = 0, the pump power which minimizes f (P P ) is obtained to be P P = (a/b) 1/2 which leads to the following equation for the optimum pump power:
This value of pump power is the power in which dP s /dz is maximized, and the FWM gain has its maximum level. Therefore, we call it optimum pump power and denote it by P P,Opt . Note that as the pump propagates in the waveguide, it is depleted mostly by TPA and FCA such that only over a limited propagation length the pump power can be close to the optimum value.
We can also calculate the optimum dispersion level (at a certain detuning). In the perfect phase matching condition, β = 0, which (according to (4)) leads to
where D Opt is the optimum dispersion value for a pump-signal detuning of λ. Note that the optimum dispersion is anomalous in the case of one pump scheme while it is normal in the case of two pump scheme [12 App. 5]. We can also obtain a general gain condition for a waveguide as follows. At the best condition we have the optimum pump power which was obtained in (8) and the dispersion has its optimum level which leads to the perfect phase matching condition, i.e., β = 0. Consider equation (5). By inserting the optimum pump power (see P P,Opt in (8)) into P P , and letting β = 0, the (5) simplifies to the following inequality:
Gain Condition:
which serves as a general necessary condition to achieve parametric gain in any material with TPA. Note that it is not a necessary condition, and it provides a kind of upper bound for the gain condition since it is based on having perfect phase matching and optimum pump power along the waveguide. However, if (10) is not satisfied no gain will be possible. In Fig. 7 , we have shown the carrier life time and linear losses values which satisfy (10) . It turns out that (10) leads to a relatively wide upper band for the gain condition. The main reason is the significant pump depletion along the waveguide which limits the gain in two ways: Firstly the pump depletion results in the deviation of the propagating pump power from the optimum pump level value which leads to the reduction of the gain. Secondly as the pump is depleted the pump induced nonlinear phase shift changes such that the perfect phase matching condition will be no longer satisfied. Note that in the perfect phase matching condition we have β = 0, which is due to a balance between dispersioninduced and nonlinear-induced phase shifts, and it can only be satisfied over a long waveguide if the pump power is relatively constant while propagation (which leads to a constant nonlinear phase shift).
Assuming that the input phases are such that the FWM has its maximum phase sensitive gain at the input of the waveguide, we have numerically obtained the distance over which, the FWM is still larger than the total losses. We call this distance gain length, which is shown in Fig. 8 . Fig. 8 is obtained from (4) . The numerical values used in the figure are mentioned in Section 2. In Fig. 8 , the full green line shows the case of a small pump-signal wavelength detuning ( λ = 1 nm), where both pump depletion and FWM phase mismatch are taken into account. Fig. 8 can be explained through (5) . The pump depletion not only changes the right side of (5) but reduces the left side by changing the phase matching term ( β) as well. This shows that the gain length is not only limited by the pump depletion itself but also by the phase mismatch which is induced by the pump depletion.
The dotted blue line shows the maximum theoretical limit with the perfect phase matching condition over the whole propagation length. In other words, we have assumed that β = 0 in (5) for the dotted blue line. Therefore, the left-side of (5) is constant, and the pump depletion only changes the right side of (5) . The dotted blue line shows the gain length which is only limited by the pump depletion without considering the corresponding phase mismatch. From Fig. 8 , it is realized that the length over which gain is achievable and is limited, and in order to obtain a positive gain, a limited length should be used.
Perspectives of Gain in a One Pump Scheme
As explained in Section 4, the gain is limited by the pump depletion and its impact on the phase matching condition. In order to overcome these limitations, we can consider a multi-stage cascaded scheme in which the pump can be injected at several points along the waveguide to compensate for the pump depletion and the pump phase at each stage can also be adjusted such that a relative phase of π/2 for the maximum gain is restored. In this way a phase sensitive gain at each stage is achieved and after several stages a large gain could be achieved. In order to achieve a prospective of the achievable gain level, here we consider an optimum waveguide design which may be difficult to implement with the current technology. We assume the following dispersion and loss values: D = 1500 ps/nmkm, α lin = 0.5 dB/cm.
We assume a grating loss of 3 dB, and an input pump power of (28.5 dBm) before grating. Using these values the optimum detuning and length (per stage) is estimated by our SSFM simulations to be around 8 nm and 5 cm, respectively. Using these values, we have simulated the achievable gain shown in Fig 9, which shows the gain at the end of each stage, and we assume the same pump power and the same FWM relative phase at the input of each stage. From Fig. 9 , it is realized that using a cascaded structure, an on-off cw phase sensitive gain of up to 20 dB could be feasible with silicon nano-waveguides, despite the nonlinear loss mechanism in silicon.
Conclusion
We have shown that for the same total pump power, the two pump PSA scheme leads to a larger ER compared to the one pump PSA scheme due to the beating between pumps and its impact on FWM. However, the one pump scheme performs better in terms of gain because there is no pump beating effect, and the pump power can be adjusted to be close to the optimum level. We have obtained closed form equations for the optimum pump power and the optimum dispersion level as well as a closed form equation serving as a necessary condition for having parametric gain in the presence of TPA and FCA. It was shown that the distance over which the parametric gain is Fig. 9 . Phase-sensitive gain at the end of stage 1 to stage 2 for an input pump power of 28.5 dBm (before a grating with 3 dB loss). Optimum waveguide with anomalous dispersion and a linear loss of 0.5 dB/cm. achievable is limited due to the pump depletion and its impact on the phase matching condition. We discussed that by using a cascaded structure, it is possible to compensate for the pump depletion effect. In this way, the distance over which a positive parametric gain is achievable is extended, which makes it possible to achieve a large gain in silicon nano-waveguides with reversed bias PIN junctions despite the degrading effect of nonlinear loss mechanisms.
